Abstract. We present a modified version of the definition of property RD for discrete quantum groups given by Vergnioux in order to accommodate examples of non-unimodular quantum groups. Moreover we extend the construction of spectral triples associated to discrete groups with length functions, originally due to Connes, to the setting of quantum groups. For quantum groups of rapid decay we study the resulting spectral triples from the point of view of compact quantum metric spaces in the sense of Rieffel.
Introduction
In the theory of noncommutative geometry in the sense of Connes [6] , spectral triples can be thought of as noncommutative analogues of smooth Riemannian manifolds. A spectral triple (A, H, D) consists of a * -algebra A, represented on a Hilbert space H, together with an unbounded self-adjoint operator D on H. The basic requirements on this data are that D has compact resolvent and that the commutators [D, a] are bounded for all a ∈ A. The prototypical example of a spectral triple is given by the algebra A = C ∞ (M ) of smooth functions on a compact Riemannian spin manifold M , acting on the Hilbert space H = L 2 (M, S) of L 2 -section of the spinor bundle S of M , together with the associated Dirac operator. Another class of examples, studied already by Connes [5] , arises from discrete groups equipped with length functions. In this case A = C[G] is the complex group algebra of the group G, acting on the Hilbert space l 2 (G), and the operator D acts by multiplication with the length function. Quantum groups can be viewed as noncommutative manifolds, and various examples of spectral triples have been constructed in this context, see for instance [4] , [8] , [13] . In this paper we consider more elementary examples of spectral triples for quantum groups, motivated by the construction for discrete groups with length functions mentioned above. Actually, the passage from discrete groups to discrete quantum groups is essentially straightforward in this context. Although the resulting spectral triples are trivial from the point of view of K-homology, we show that they provide examples of quantum metric spaces in the sense of Rieffel [16] . In fact, in order to make a link to the theory of Rieffel, we have to restrict to quantum groups of rapid decay, and follow the work of Antonescu-Christensen in the group case [1] . The property of rapid decay for discrete quantum groups was introduced and studied by Vergnioux [19] , following the definition for classical groups in [11] . Quantum groups of rapid decay in the sense of [19] are necessarily unimodular, which unfortunately excludes some of the most studied examples, in particular those arising from q-deformations of semisimple compact Lie groups. The incompatibility of the 2000 Mathematics Subject Classification. 16W30, 81R50. This work was supported by the Engineering and Physical Sciences Research Council Grants EP/G01419/2, EP/L013916/1 and the UKIERI project Quantum Probability, Noncommutative Geometry and Quantum Information. J.B. wishes to thank Sergey Neshveyev and the Department of Mathematics, University of Oslo, where he was a post doctoral fellow when this work started. theory in [19] with non-unimodularity is of course invisible in the classical setting of discrete groups. For examples coming from q-deformations it may appear somewhat surprising, because duals of classical compact Lie groups actually do have property RD in the sense of [19] . In the first part of this paper we explain how a slight modification of the definitions given in [19] allow to remedy this situation. Our definitions agree with Vergnioux's for unimodular discrete quantum groups. On the other hand, we obtain a more interesting theory in the non-unimodular case. Let us explain how the paper is organised. In section 2 we collect some definitions from the theory of quantum groups and fix our notation. Section 3 contains our modified definitions of rapid decay. In section 4 we consider amenable quantum groups and compare our notion of rapid decay with a suitable notion of polynomial growth. Actually, for polynomial growth the difference to the definition in [19] consists simply in replacing quantum dimensions with ordinary dimensions. In section 5 we explain how the construction of a spectral triple from a group with a length function extends to the setting of quantum groups. The aim of section 6 is to review the definition of compact quantum metric spaces in the sense of Rieffel, and to show that we obtain natural Lipschitz seminorms from the spectral triples defined in section 5. In the final section 7 we prove the Lip-norm property for suitable Lipschitz seminorms provided the underlying quantum group has property RD in our sense. This yields a family of examples of compact quantum metric spaces associated to quantum groups. Let us make some remarks on notation. We write L(H) for the space of bounded operators on a Hilbert space H. The closed linear span of a subset X of a Banach space is denoted by [X] . Depending on the context, the symbol ⊗ denotes either the tensor product of Hilbert spaces, or the minimal tensor product of C * -algebras. For operators on multiple tensor products we use the leg numbering notation. We write = op for the operator norm.
Preliminaries
In this section we review some basic definitions concerning quantum groups. For more detailed information we refer to [2] , [12] , [21] . Our notation and conventions will follow [14] . The main objects of study in this paper are discrete quantum groups. It is technically convenient to describe them using Hopf C * -algebras. Recall first that a Hopf C * -algebra is a C * -algebra S together with an injective nondegenerate * -
With this terminology, a discrete quantum group can be described by a pair of Hopf C * -algebras C 0 (G) and C * r (G) together with a multiplicative unitary W ∈ M (C 0 (G) ⊗ C * r (G)), satisfying certain axioms. In particular, the algebra C * r (G) is unital, and C 0 (G) is a C * -algebraic direct sum of matrix algebras. We write ∆ for the comultiplication of C 0 (G) and∆ for the comultiplication of C * r (G). Some properties of the multiplicative unitary linking these two Hopf C * -algebras will be stated below. We refer to C 0 (G) as the algebra of functions on G, and to C * r (G) as the reduced group C * -algebra of G. The theory also provides a full group C * -algebra C * f (G), which however will not show up explicitly in this paper. At some points we will restrict attention to the case that G is amenable, which means that the canonical quotient homomorphism C *
Inside the Hopf C * -algebra C 0 (G) we have a canonical dense multiplier Hopf- * -algebra C c (G), compare [18] . More precisely, C c (G) is the algebraic direct sum of matrix blocks defining C 0 (G). Moreover C 0 (G) admits a left Haar weight φ, given by a positive linear functional φ : C c (G) → C satisfying (id ⊗φ)∆(f ) = φ(f )1, and we let l 2 (G) denote the GNS-construction of φ. We write Λ(f ) ∈ l 2 (G) for the image of f ∈ C c (G) under the GNS-map. The multiplicative unitary W can be considered as an element of L(l 2 (G) ⊗ l 2 (G)), and we have the explicit formula
for its adjoint. Moreover, the C * -algebra of functions on G can be recovered from W as
and the reduced group C * -algebra of G can be identified with
In fact, the latter formula can be taken as the definition of C * r (G) if one constructs the multiplicative unitary first.
, here H is a finite dimensional Hilbert space, and we are using leg numbering notation. Such corepresentations form a semisimple C * -tensor category. We denote by Irr(G) the set of equivalence classes of irreducible corepresentations of G, and we write ǫ for the trivial corepresentation on C. Using corepresentation theory we can identify
as the algebraic direct sum of the endomorphism algebras of all irreducible corepresentations. The algebra C 0 (G) is obtained by taking the C * -algebraic direct sum instead. Finally, we will also need the algebraic multiplier algebra C(G) of C c (G), which can be written as
the algebraic direct product of all endomorphism algebras L(H α ) for α ∈ Irr(G). The matrix coefficients of all irreducible corepresentations define a canonical dense Hopf- * -algebra
linearly spanned by elements of the form (ω ⊗ id)(W ) and (id ⊗ω)(W ), respectively, where
then we obtain a well-defined bilinear pairing
between C c (G) and C[G], see [2] . We point out that the product of C[G] is dual to the coproduct of C c (G), whereas the product of C c (G) is dual to the opposite coproduct of C [G] . In other terms, we have for all f, g ∈ C c (G) and x, y ∈ C[G] the relations f, xy = f (1) , x f (2) , y and f g, x = f, x (2) g, x (1) where we use the Sweedler notation ∆(f ) = f (1) ⊗f (2) and∆(x) = x (1) ⊗x (2) for the comultiplications on C c (G) and C [G] . Of course, this notation has to be interpreted with care, in particular, the coproduct ∆(f ) of an element f of the multiplier Hopf * -algebra C c (G) can be represented only as an infinite sum of simple tensors in general.
We shall use the notations
for the left and right regular actions of C[G] on C c (G), and of C(G) on C[G], respectively. Remark that these definitions are in accordance with our conventions for the comultiplications of C c (G) and C [G] .
From the duality theory of algebraic quantum groups [18] it follows that there is a linear isomorphism F :
of this map is given by
whereφ is the left and right invariant normalized Haar functional on C[G], and S denotes the antipode of C [G] . We fix the left invariant Haar functional φ on C c (G) such that
for all x ∈ C[G], where ǫ : C[G] → C denotes the counit. Then the map F is isometric with respect to the standard scalar products
and C c (G), respectively. In fact, using F we can identify l 2 (G) with the GNS-representation ofφ, and we will writeΛ(x) ∈ l 2 (G) for the image of x ∈ C[G]. The modular function for G is a multiplier F ∈ C(G) which relates the left and right Haar integrals of C c (G). A discrete quantum group G is unimodular iff the modular function satisfies F = 1. This happens iff the Haar stateφ on C[G] is a trace. In the general case, each component F α of F for α ∈ Irr(G) is a positive invertible matrix such that tr(F α ) = tr((F α ) −1 ), the latter being the quantum dimension of α, denoted by dim q (α). One may fix bases such that F α is a diagonal operator for all α ∈ Irr(G), and we will do this in the sequel. Let us write u α ij for the matrix coefficients of α ∈ Irr(G) with respect to such an orthonormal basis of the representation space of α. Then the Schur orthogonality relations becomê
,
The left and right Haar functionals for C c (G) are given by
where we denote by p α ∈ C c (G) the central projection corresponding to α ∈ Irr(G).
Rapid decay for discrete quantum groups
In this section we review some definitions from [19] and introduce our notion of rapid decay. We also state some equivalent characterisations of rapid decay, following Vergnioux. Let us first recall the notion of a length for a discrete quantum group introduced in [19] .
These conditions reflect the classical definition of length functions. Note that L can be viewed as a sequence of positive matrices indexed by the elements of Irr(G). We will be mainly interested in central lengths, that is, lengths L which are central elements of the algebra C(G). Such central lengths are obtained from length functions l on Irr(G) in the following sense.
The length function l is called proper if for any n ∈ N there are only finitely many irreducible corepresentations α ∈ Irr(G) with l(α) ≤ n and l(α) = 0 iff α = ǫ.
A length function l induces a central length L ∈ C(G) by the formula
recall that p α ∈ C c (G) is the unit element in the matrix block corresponding to α. We can also view L as an unbounded self-adjoint operator on l 2 (G) in the obvious way. Any central length arises in this way, and we will freely pass from l to L in the sequel. Basic examples of length functions are given by word length functions on finitely generated quantum groups. We recall that a subset D ⊂ Irr(G) is said to generate the discrete quantum group G iff every corepresentation α ∈ Irr(G) is contained in some iterated tensor product of corepresentations from D. The quantum group G is called finitely generated provided there exists a finite subset D ⊂ Irr(G) which generates G. Given a finitely generated quantum group G with finite generating set D, we obtain a proper length function l D on Irr(G) by letting l D (α) be the smallest number k such that α ⊂ α 1 ⊗ · · · ⊗ α k and α j ∈ D for all j. Although l D clearly depends on D, it can be shown that the definitions and results in the sequel do not depend on the choice of the generating set in an essential way, compare lemma 3.3 and remark 3.6 in [19] . Given a length function l on G, we let p n ∈ L(l 2 (G)) be the sum of all projections p α for α ∈ Irr(G) such that Lp α op ∈ (n − 1, n]. Notice that p n is a finite rank projection for all n ∈ N 0 iff l is proper. Let G be a discrete quantum group. In the sequel we shall work with the self-adjoint element C of C(G) given by
We remark that C = 1 iff G is unimodular. If L is a length on G, we define the associated Sobolev s-norm for s ≥ 0 and f ∈ C c (G) by
Observe that
where we recall that
Hence F is an isometry with respect to the 2,s -norms. Definition 3.3. Let G be a discrete quantum group. We say that G has property RD with respect to a central length L on G if there exist constants c, s > 0 such that
We say that G has property RD if it has property RD with respect to some central length.
Since C = 1 for a unimodular discrete quantum group, our definition of the Sobolev norms above reduces to the definitions in [19] in this case. In other words, for unimodular quantum groups definition 3.3 is equivalent to the definition of property RD given by Vergnioux. As we will see below, this is not true for non-unimodular quantum groups. One might therefore call the property defined above modular property RD, or something alike, in order to make a distinction with the original notion. However, since there is no real conflict in terminology neither in the unimodular nor in the non-unimodular case -a non-unimodular quantum group can only possibly have property RD according to the above version of the definition -we have refrained from introducing new terminology. Our above definition of Sobolev norms may appear somewhat arbitrary, but it can be motivated as follows. Essentially, the operator C 1/2 controls the deviation of the norm
−1/2 in the unimodular case. More precisely, we have
so that the action of C 1/2 compensates for the rescaling of Hilbert space norms. We remark that one could also incorporate C 1/2 in the definition of the Fourier transform, which would simplify some formulas in the sequel. The remaining ingredients in the definition of the Sobolev norms are as in [19] 
The space H ∞ L (G) is naturally a Fréchet space with respect to the topology given by the Sobolev seminorms. Let us prove the following variant of proposition 3.5 in [19] . 
for all n ∈ N and f ∈ p n C c (G). e) There exists a polynomial p(x) ∈ R[x] such that
for all k, l, n ∈ N and f ∈ p n C c (G).
Proof. The arguments follow precisely the pattern of [19] , for the convenience of the reader we shall include the details. a) ⇔ b) This follows immediately from the fact that the Fourier transform F :
, and we may compose with the embedding C *
Since the completion of C c (G) with respect to s can be realised as a subspace of C(G) in a compatible way it follows that ι is injective. c) ⇒ b) is obvious. a) ⇒ d) Let s be the natural number and c > 0 such that F (f ) op ≤ c f 2,s . Then for f ∈ p n C c (G) we have
where
Then we obtain
for a suitable constant c 2 , using the Cauchy-Schwarz inequality as in the classical case [10] .
using condition e). According to lemma 3.4 in [19] , for fixed l ∈ N the number of elements k such that (k, l, n) ∈ T is bounded above by 2n + 5. Hence by the Cauchy-Schwarz inequality we have
and we get F (f ) op ≤ (2n + 5)p(n) f 2,0 as desired.
Property RD and polynomial growth
In this section we study property RD for amenable quantum groups, and we show that it is equivalent to a suitable notion of polynomial growth, again following the work of Vergnioux. However, we have to modify the definition of polynomial growth introduced in [19] . We will comment on the relation between the various concepts below. Let us start with the following definition.
for all n ∈ N. We say that G has polynomial growth if it has polynomial growth with respect to some central length function on G.
A finitely generated discrete quantum group G has polynomial growth iff it has polynomial growth with respect to a word length function l on G. If l is a central length function on G we shall write S n ⊂ Irr(G) for the set of all corepresentations α satisfying l(α) ∈ (n − 1, n]. We note that G has polynomial growth with respect to l iff the sequences
both have polynomial growth. In particular, a unimodular discrete quantum group has polynomial growth in the sense of [19] iff it has polynomial growth in the sense of definition 4.1. For non-unimodular quantum groups the concept introduced above differs from the notion in [19] . Indeed, for polynomial growth in the sense of Vergnioux one has to replace classical dimensions by quantum dimensions in definition 4.1. In order to distinguish the two notions one could refer to them as classical and quantum polynomial growth, respectively. As in the case of property RD we shall however refrain from using new terminology. We observe that a non-unimodular quantum group cannot have polynomial growth in the sense of [19] , so this should not lead to confusion. We have the following version of a result in [19] .
Proposition 4.2. Let G be a discrete quantum group and let l be a length function on G. a) If G has polynomial growth with respect to l then G has property RD with respect to l. b) If G is amenable and has property RD with respect to l, then G has polynomial growth with respect to l. In particular, rapid decay and polynomial growth are equivalent in the amenable case.
Proof. Again, we follow the arguments in [19] , and include the details for the convenience of the reader. a) Recall that every element of C[G] ⊂ C * r (G) can be written in the form (ω⊗id)(W ) where W ∈ M (C 0 (G)⊗C * r (G)) is the multiplicative unitary of G and ω a linear functional on C 0 (G) of the form ω = F (f ) for f ∈ C c (G). Here F denotes the Fourier transform as above. Notice that (ω ⊗ id)(W ) = F (f ) ∈ C * r (G) for ω = F (f ), and
Let us assume first that f ∈ p n C c (G) is such that ω = F (f ) is a positive linear functional. The latter is equivalent to saying that f F ∈ C c (G) is positive. Taking an approximate identity (u j ) j∈J for C 0 (G) of central projections we compute
by the Cauchy-Schwarz inequality, where p(x) is the polynomial appearing in the polynomial growth estimate for G.
Next assume that the functional ω = F (f ) is hermitian, which is equivalent to saying that f F is self-adjoint. In this case we may write f = f + − f − where
are positive. In fact, we have f ± = ±e ± f for suitable projections e ± . The previous computation yields
where the last step follows by inspecting the definition of the norm 2,0 . Finally, consider an arbitrary element f ∈ p n C c (G) and write f as sum f = g + ih such that both gF and hF are self-adjoint. In this case, taking into account our previous computations, we obtain
for any α ∈ Irr(G). It follows that G has property RD. b) Due to amenability, the counitǫ :
for some constants c, s > 0. Let us define
and observe that
Hence q n can be used to test polynomial growth. More precisely, we compute
. That is, G has polynomial growth. Using proposition 4.2 we conclude that all duals of q-deformations of compact semisimple Lie groups have property RD. Indeed, these discrete quantum groups are amenable [3] , and the Weyl dimension formula implies that they have polynomial growth in the sense of definition 4.1, see example 4.5 in [19] . We record the following precise statement of this fact. Proposition 4.3. Let q ∈ (0, 1] and let G q be the standard deformation of a simply connected compact semisimple Lie group G. Then the discrete dual quantum group G q has property RD.
This shows in particular that, in the non-unimodular case, our definition of property RD differs from the original definition given by Vergnioux.
Spectral triples from length functions
In this section we explain how to associate spectral triples to discrete quantum groups equipped with proper length functions. Moreover we study basic properties of the spectral triples obtained this way. Let us first recall the definition of a spectral triple due to Connes, see [6] , [9] . 
is compact.
In the above definition we have indicated how to include a grading in the general setup, but this will not be relevant in our examples. The prototypical example of a spectral triple is given by A = C ∞ (M ), the algebra of smooth functions on a compact Riemannian spin manifold, the Hilbert space H = L 2 (M, S) of L 2 -sections of the spinor bundle of M , and the Dirac operator D. In this case the formula
|f (x) − f (y)| allows to express the Riemannian metric, or rather the corresponding geodesic distance function, in terms of operator theoretic data. Connes studied spectral triples associated to discrete groups with length functions [5] . Let G be a discrete group and let l be a proper length function on G. Consider the Hilbert space l 2 (G) and the unbounded operator
np n where p n = q n − q n−1 , and q k denotes the projection onto the finite dimensional subspace of l 2 (G) spanned by group elements of length at most k. If l comes from a word metric we may view D as multiplication by the length function l. It is not hard to check that one obtains a spectral triple in this way. In fact, we will consider a more general class of spectral triples below, and for this it is convenient to work within the framework of filtered algebras. More precisely, let A be a complex unital dense * -subalgebra of a unital C * -algebra A. Let us call A a filtered algebra if we are given a family of finite dimensional subspaces (
Assume further that σ is a state on A which is faithful on A, and let H = L 2 (A, σ) be the GNS-construction of σ. Then each A n is a finite dimensional, hence closed, subspace of H. Let q n denote the orthogonal projection of H onto A n . Let p n = q n − q n−1 and p 0 = q 0 . Then the formula
defines an unbounded operator D on H. Filtrations and associated Dirac operators were first introduced by Voiculescu in [20] and further studied in [15] . The following general fact is a restatement of lemma 1.1. in [15] .
Lemma 5.2. The triple (A, H, D) associated to a filtered algebra A together with a state as above is a spectral triple.
We note that the K-homology class of the resulting (odd) triple is trivial because the operator D is positive. That is, the corresponding phase F is identically 1. In general, one should rather think of D as the absolute value |D| of a true Dirac operator on the underlying noncommutative space, see [17] . We recall that a spectral triple (A, H, D) is called regular if for each a ∈ A both a and [D, a] are contained in the domain of all powers of the derivation δ given by
see [9] . Lemma 5.3. The above spectral triple (A, H, D) associated to a filtered algebra A with a state is regular.
Proof. Notice again that we have |D| = D in this case. In order to verify regularity we will closely follow the proof of lemma 1.1 of [15] . Let a be an element of
The statement of the corollary follows by repeated application of this technique. Now we turn to the case of quantum groups. Let G be a discrete quantum group and l be a proper length function on it. Imitating Connes' construction in the group case, we construct a spectral triple with the Hilbert space l 2 (G) where C[G] acts by the regular representation. Our candidate for the Dirac operator is D where
The algebra A = C[G] is naturally a filtered algebra with the filtration defined by letting A n be the linear span of all matrix coefficients u α ij such that l(α) ≤ n. Since we assume that the length function l is proper there are only finitely many irreducible corepresentations of length n. Hence the subspaces A n are all finite dimensional. Moreover A 0 = C1, and it is easy to see from the properties of length functions that A * n = A n and A n A m ⊂ A n+m . Proof. Since G is amenable, we see from the proof of proposition 4.2 that
Using this, we find
where r is the inverse of the smallest nonzero value of l in the interval (0, 1]. This yields the claim.
Notice that we cannot drop the amenability assumption in proposition 5.5 in general. For instance, according to [19] , the free orthogonal quantum group FO(n) has property RD, but the corresponding spectral triple will fail to be finitely summable as soon as n > 2.
Compact quantum metric spaces
We recall that the geodesic distance on a compact Riemannian spin manifold can be recovered from the associated spectral triple. For a general spectral triple (A, H, D), one may take
as an Ansatz to define a metric on the state space S(A) of the C * -algebra closure A of A in L(H), thus generalising the Monge-Kantorovich metric on probability measures. We note that without further assumptions the above formula may yield d(µ, ν) = ∞ for some states, see [7] . The above considerations, along with further examples, motivated Rieffel to introduce the concept of a quantum metric space. In [16] the theory is developed starting from order unit spaces instead of C * -algebras, but for our purposes the following definition is sufficient.
Definition 6.1. Let A be a unital C * -algebra and let A ⊂ A be a dense unital
coincides with the w * -topology. A unital C * -algebra A together with a Lip-norm on a dense * -subalgebra A ⊂ A is called a compact quantum metric space.
Starting from definition 6.1 it is natural to ask for conditions ensuring that a Lipschitz seminorm is indeed a Lip-norm. Ozawa-Rieffel gave the following criterion, see proposition 1.3 in [15] . Proposition 6.2. Let A be a unital C * -algebra, and let L be a Lipschitz seminorm on a dense unital * -subalgebra A ⊂ A. If σ is a state on A such that
is totally bounded with respect to the norm of A, then L is a Lip-norm.
Recall that a subset B of a metric space X is totally bounded if for any ǫ > 0 there exists finitely many balls of radius ǫ whose union covers B. Let us now assume that (A, H, D) is the spectral triple associated to a filtered algebra as in section 5. One may ask whether the resulting Lipschitz seminorm L(a) = δ(a) = [D, a] is a Lip-norm on A, viewed as a dense subalgebra of its norm closure A. This seems to be unclear in general. In [15] , Ozawa and Rieffel showed that L is indeed a Lip-norm provided a condition of the form p m ap n ≤ c a 2 holds for a ∈ A k and all k, m, n. They call such an inequality a Haagerup type condition. As remarked in section 5, Connes' spectral triples on group algebras coming from length functions are special cases of the Ozawa-Rieffel construction in lemma 5.2. Examples of groups for which the Haagerup type condition hold include word hyperbolic groups [6] , [15] as well as free products of the form G 1 * G 2 where G 1 and G 2 satisfy the Haagerup type condition and one works with tracial states on the group algebras of G 1 and G 2 . It is not clear, however, whether L is a Lip-norm for groups of rapid decay in general. In this case one has a weaker inequality of the form
for all a ∈ A k , where P is a polynomial. Antonescu and Christensen observed that one can easily prove the Lip-norm property in this case if one works with a slightly different Lipschitz seminorm instead [1] . More precisely, for k ∈ N and
where the commutator is taken k times. We will consider a similar construction in the case of discrete quantum groups, and prove some lemmas which are needed later on. However, in order to accommodate non-unimodular discrete quantum groups, we need to use a twisted version of the seminorm L k . Throughout, we assume that G is a discrete quantum group equipped with a proper length function l. Lemma 6.3. Using the same notation as before, we have δ
In particular, for a finite sum of the form a = α,i,j a
We proceed by induction. For k = 1, we have
, which yields the claim.
In particular we have δ k (a)Λ(1) = 0. Therefore, according to lemma 6.3 we obtain 0 =
Since the vectorsΛ(u α ij ) form a linearly independent set in l 2 (G), we conclude l(α) k a α ij = 0 for all α, i, j. If l(α) = 0 then a α ij = 0. Since l is a proper length function we conclude that a has to be a scalar multiple of the identity. Moreover, we clearly have
Hence L k is a Lipschitz seminorm. Fix a natural number k and consider the operator T = C 
since T is self-adjoint. For the Lipschitz seminorm property, we need to check that if L 
This yields the claim.
Rapid decay and the Lip norm property
In this section we show that the Lipschitz norms considered above have the Lip norm property for all sufficiently large exponents provided the quantum group under consideration has property RD. For simplicity we concentrate on the case of a finitely generated discrete quantum group G equipped with a word length function l. Moreover we assume that G has property RD, and we fix constants c, s > 0 such that a op ≤ c a 2,s holds for all a in C[G] with respect to the Sobolev norms associated with l. Using the notation introduced in section 6, we will apply proposition 6.2 by OzawaRieffel to show that there exists a positive integer k such that L k T has the Lip norm property. We start with the following lemma. Proof. We recall that ǫ denotes the trivial corepresentation. Using a Proof. We follow Antonescu-Christensen [1] . For α satisfying l(α) > n write (1 + l(α)) 2s ≤ 2 2s l(α) 2s ≤ 2 2s n 2s−2k l(α) 2k .
